In such methods the fluid is represented by a combination of Dirac measures or particles which travel according to the fluid velocity. The problem was then to find an approximation of the second order differential operator in a way that could be treated by a Lagrangian method. This gave rise to the work of Raviart's team (4, 5, 6, 13) where the second order differential operator is approximated by an integral operator. To include the treatment of the diffusion, we allocate each particle a weight which varies according to a first order differential equation in time. In the Particle Strength Exchange Method on R 2 , the Laplacian operator is approximated by an integral operator in the following way:
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where η is a symmetric function with a compact support which satisfies the second order moment condition:
and η ε (x) = 1 ε 2 η( x ε ). Since the particle methods are directly connected with quadrature formulae, the approximation of the Laplacian operator by an integral operator is well suited. Moreover, it is possible to include the treatment of a boundary condition by using boundary integral equation. S. Mas-Gallic suggested a method to solve a convection-diffusion equation with a Neumann boundary condition in the half space domain which consists in approximating the Laplacian operator with a two parts integral operator:
whereỹ is the image point (i.e. the symmetric to y with respect to the boundary), g is the Neumann condition and η and ζ are even compactly supported functions. This work is an extension of the previous works, having always in mind that the goal is to obtain a numerical method using non singular kernels and that the analysis must be made in a way that exhibits properties of the Rita Benhaddouch kernel(s) that is(are) explicitly solvable. When solving a convection-diffusion equation, the weight of the particles is locally modified in the vicinity of the boundary in a strip of width ε. The information is then carried along the characteristic curves and diffused within the domain. The convolution integrals are approximated with a quadrature formula where the discretization nodes are the particles. Assuming that η and ζ are related by a compatibility condition, the approximation error is of magnitude ε, provided that η fulfills the second order moment condition (2) .
In the case where the domain Ω is the complementary in R 2 of a disc of radius R, the asymptotic expansion of the operator ∆ ε contains 2 singular terms of same order that can be canceled in two ways: either by imposing a compatibility condition between the two kernels or by modifying the expression of the approximated diffusion operator. The first option leads to the same type of relationship as the one already introduced by S. Mas-Gallic in the case of the half-space. For more complex geometries (especially non-self homothetic ones) extension of this approach is not straightforward. We suggest the modified diffusion approximated operator:
where
P x is the projection of x on the boundary and n is the outward normal to the boundary and η is a radial function. In this formulation, the convolution kernel on the boundary ∂Ω in (3) is replaced by a convolution kernel within the domain. For any kernel η which fulfills the second order moment condition (2), we can formulate an integral approximation of the diffusion operator explicitly. An outline of the paper is as follows. We give a general presentation of the method. We first prove that the above approximation is of order ε in L ∞ norm. This error estimate shows that, for a given ε, the larger the radius R, the better the approximation. Then we prove the convergence of the discretized integral operator on the nodes carried along the characteristic curves under the condition that the space discretization parameter h is small in comparison with the numerical discretization parameter ε and that gives the consistency of the particle method. Then using a positivity result established by S. Mas-Gallic and P.A. Raviart, we prove a stability result of the method under the condition that the function η is non-negative. Then, combining these results, we obtain the convergence of the method. We first prove that the method converges on the particles, then introducing a smoothing function as it is usual in particle methods we prove the convergence in a more classical sense and that ends the analysis of the semi-discretized scheme. Finally we give numerical bidimensional illustrations for the computation of a convection-diffusion equation around the cylinder by separating the convective part and the diffusive part.
Presentation of the method.
Let us introduce some notations and give a rapid statement of the method. Let's denote byD the closed disc of radius R, Ω the complementary ofD in R 2 , ∂Ω the boundary of Ω and by Ω T = Ω×]0, T [ and
We consider in this paper the flow of an incompressible viscous fluid around an obstacle governed by the Navier-Stokes equation in a velocity-vorticity formulation.
where g depends on the velocity u and n is the normal to the boundary outwardly directed to Ω. Let us now mention that this system can be solved by splitting the system into two subsystems where the evolution of the vorticity is calculated once the velocity is given (see the work of G.H. Cottet in the case of a Neumann boundary condition). We shall only consider here the subsystem related to the evolution of the vorticity and thus suppose that the Neumann boundary condition g is given and the velocity is "admissible" in the sense that it satisfies the no slip boundary condition. We denote by v this "admissible" velocity. Suppose v is a sufficiently smooth vector field such that
We will, from now on, concentrate on the following system:
Let us denote by X(t, x 0 , 0) the characteristic curves which are the integral curves of the vector field v:
As mentioned above, the method consists in the introduction of a small parameter ε and the replacement of the diffusion operator by an integral operator. Then we introduce a quadrature formula on Ω in order to define a space discretization. We initially distribute a set of points (x 0 k ) k∈K in the domain. We define an operator Π h (t) which associate to any sufficiently smooth function f a particle distribution a time t by:
where v k (t) and x k (t) denotes respectively the volume and the position of the particle at time t which follows the integral curves of the vector field v starting at the point x 0 k at time 0. The incompressibility condition (6) implies that the volume of the particles does not evolve in time.
The particle method consists in looking for a measure under the form:
where the strengths ω h k (t) are solution of an ordinary differential equation. Since the velocity is divergence free, the cells of the particles don't dilate in time. From the definition of ∆ ε and from the quadrature formula defined by:
we derive a discretized version ∆ h ε of the approximated diffusion operator:
The numerical resolution consists in solving the following system of first order ordinary differential equations
In what follows, for any integer m ≥ 0 and any 
we have
Proof:
We introduce a local parameterization in the vicinity of the boundary in a strip of ε width and we make a local analysis in a disc of radius ε. We denote by Φ γ the change of variables:
where n γ (t 1 ) is the unit normal to the boundary outwardly directed to Ω at the point (x γ , y γ ). (x γ (t), y γ (t)) denotes the couple of Cartesian coordinates relatively to the curvilinear abscissa t of a point belonging to the circle.
Local parameterization in the vicinity of the boundary.
Remarks:
1. Beyond a strip of ε width, we find again the approximated Laplacian in the whole space.
2. For a given ε, the larger R the better the approximation. A direct consequence is that we can extend the analysis made for the case of a cylinder to a more general class of domain shapes where the numerical method will consist in fixing the numerical parameter ε with respect to the smaller curvature radius.
3. If one wishes to refine the ε widths strip in order to take into account large fluctuation of the function near the boundary then the distance to the image point can be approximated by the following formula :
This approximated distance may give correct results since when we are very close to the boundary the boundary is almost planar and in the case of a planar boundary the formula is an exact equality.
4. Moreover this approximated distance implies the conservation of the circulation for the case of a homogeneous Neumann boundary condition for the integro-differential model.
It is possible to derive a conservative form of ∆ ε

Rita Benhaddouch
Let us now define the initial quadrature rule. For this purpose, we introduce two discretization parameters h r and h θ . We denote by C i the circle of radius r i = R + (i + 1 2 )h r and n i = E[
and θ i = 2π n i ;
where E[x] is the greater integer lower than or equal to x, ∀x ∈ R.
We set
We now concentrate on the consistency of the numerical discretization of the integral operator. We will here prove the convergence of the discretized operator ∆ h ε towards the integral operator ∆ ε when h r , h and ε go to zero under the condition that the ε width covers a sufficient number of particles. For this Let us first prove the intermediate result:
Lemma 2.1 For any integer m ≥ 1 and any function
We use the fact that the quadrature rule defined above is of order 2 on a half-infinite interval and of "infinite" order on a closed curve. Let us now derive from the previous lemma a consistency result.
Proposition 2.2 Assume that η is a compactly supported function of
W m+1,1 (R 2 ) where m ≥ 1, then for all t ∈]0, T [ there exist two constants C(u, T ) and C (u, T ), such that for any function ω ∈ L ∞ (0, T, W 2,∞ ) and g ∈ L ∞ (0, T, W 0,∞ ) , we have sup k∈K |∆ ε ω(x k (t)) − Π h (t)∆ ε ω(x k (t))| ≤ C C R h 2 r ε 3 + C R h(1 + h r ) ε 3 ω 2,∞ + C C R h 2 r ε 3 + C R m h m (1 + h r ) ε m+2 g 0,∞
Proof:
We make the change of variable (z −→ X(0; y, t)) and apply the previous lemma.
We will now prove the convergence of the method. In this purpose, we will derive from the previous results the convergence of the method in a particle sense, which mean that we will prove that ω k (t) tends to ω(x k (t), t) for all t ∈]0, T [. We will next prove the convergence of the particle method in a more classical way. To prove the convergence of the method in a particle sense, we will use a result (the proof of which can be found in (13) ), which is of constant use in particle method.
Lemma 2.2 Given a set
, we consider the following ordinary differential system of equation:
We assume that the coefficients (a p,q ) are such that ∀p ∈ K,
Then, problem (13) has a unique solution (v p (t)) p∈K ∈ l ∞ (K) and this solution is such that
Let us now focus on the convergence of the scheme on the particles. We will apply the previous lemma following the same idea as S. Mas-Gallic in (11).
Theorem 2.1 Assume that η is a compactly supported nonnegative function of
We will now prove the convergence of the scheme in the more classical sense of functions. As it is of constant use in particle methods, we introduce a smoothing function which allows the transition from a combination of Dirac measures to a regular function. We define an operator Π ε h (t) which is achieved by convoling a particle distribution a time t with a function φ ε .
) is a regular function contracted thanks to the ε discretization parameter and renormalized in L 1 norm. We also define a regularized approximated solution ω ε h of the particle
Let us now prove the following intermediate result:
Lemma 2.3 Assume that φ is a compactly supported function , then for all
Proof:
which achieve to prove the desired result. Let us now recall the following lemma the proof of which can be found in (14) . 
Lemma 2.4 Assume that there exists an integer
where l = max(k, 3)
Proof:
We deduce the result by splitting the error into three terms, and using the three previous results.
Numerical results.
The aim of this part is to check the accordance of the theoretical results with some numerical results. To perform a first test of the method, we compare the computed solution to an exact radial solution performed with an explicit regular divergence free velocity such that ω = ∇ × u. We thus solve the following system of equations.
As predicted by the theoretical error estimate, for a given initial quadrature rule, there exists an optimal ε. In the figure (figure 3 ), we have presented the isovalues at the 100 th time.
Isovalues at the 100 th time step.
For sake of simplicity, we have chosen to perform the previous tests by fixing h θ = h r . Actually, since the quadrature error we introduced is of order 2 on a semi-infinite interval of R and of infinite order on a closed curve (η 1 and ω are infinitely differentiable), one can expect that there is no need in fixing h θ as fine as h r . We performed 3 tests with h θ 1 = 2h θ , h θ2 = 2.2h r and h θ 2 = 2.4h θ .
We observe that h θ = 2h r leads to a relative error which coincides with the one computed with h θ = h r . But one can not expect in fixing an h θ much larger since there is also the criteria of optimality in the choice of ε with regard to h r .
Conclusion.
This numerical method is close to the physical behavior of a slightly viscous fluid since the boundary layer is well discretized thanks to a numerical boundary layer delimited by a numerical viscosity discretization parameter ε. Moreover this numerical method can be applied to thin boundary layers. Some numerical tests performed on a radial solution had showen that using a Gaussian kernel leads to good results for 3 particles per ε width's strip (the same quality of results requires 13 particles per ε widths strip with a hat function). This preliminary work had been made for the resolution of the Navier-Stokes equation in velocity-vorticity formulation by a purely Lagrangian method for high Reynolds number flows with a unique lagrangian method. This work is in progress. Let us point out that another Particle Strength Exchange method had been decelopped by researchers in fluid mecanics (9) .
